
Additional Calculus Topics

These pages describe additional calculus topics that are useful for economics. The topics
build on those described in the “Review of Calculus” pages. Some of these you might have
already had in your calculus course, but some are not necessarily discussed in a first calculus
course.

1 Partial Derivatives

In economics many, if not most, of the functions that you will deal with depend on more
than one variable. It is therefore important to extend the derivative concepts of functions
of one variable to multivariate functions. This is actually quite straightforward. In fact,
the notion of a partial derivative is the same as that of a derivative except that you
consider all variables, other than the one being changed, as fixed. So, for a function such as
y = f(x1, x2, . . . , xn) the partial derivative of f with respect to xi is the instantaneous rate
of change at a point assuming all variables other than xi are fixed. This can also be viewed
as the slope of the function in the ith direction. Such partial derivatives are denoted by ∂y

∂xi
,

∂f
∂xi

, fxi
or fi.

The rules for finding partial derivatives are identical to those for derivatives of functions
of one variable if you treat all other variables as constants. For example,

∂

∂x1
(3x2

1
x2 + 2x2 − x1) = 6x1x2 − 1.

How you find that (partial) derivative is essentially the same as how you find

d

dx
(3ax2 + 2a− x) = 6ax− 1,where a is a constant.

There are also higher-order partial derivatives. Second order partials such as ∂2f

∂x2

i

or

fii, which is the partial derivative with respect to xi of the partial derivative with respect
to xi, tells you essentially the same information about the shape of a function as the second
derivative of a function. You only have to remember that the partial derivative keeps all
other variable fixed, so you are looking at a slice of the graph of the function where only xi is
changing. This is very natural in economics as much of our analysis is done ceteris paribus.

You can also take the partial derivative of the partial derivative with respect to one

variable with respect to another variable. This would be denoted fij or ∂2f
∂xi∂xj

and is called

a cross partial of f .

1.1 Economic Application: marginal products of factors

For example, suppose F (L,K) = ALaKb is a production function. Then the partial deriva-
tives of F with respect ot L and K would be the marginal products of labor and capital,
respectively. These marginal products would be given by:

MPL =
∂F

∂L
= aALa−1Kb
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and

MPK =
∂F

∂K
= bALaKb−1.

Then the cross partial ∂2F
∂L∂K

represents how MPL changes as K changes, i.e.

∂2F

∂L∂K
=

∂MPL

∂K
= abALa−1Kb−1.

Note that it does not matter in which order the partial derivatives are taken, i.e. ∂2F
∂L∂K

=
∂2F
∂K∂L

. This is generally true as long as the second order partial are continuous and is called
Young’s Theorem.

Applying the above to utility functions, one can find the marginal utility of a good as the
partial derivative of the utility function with respect to that good.

2 Total Differential

Just like with functions of a single variable, differentials can be used to indicate how changes
in all variables of a function affect changes in the value of the function. This is called the
total differential. For a function, y = f(x1, . . . , xn), its total differential is given by

dy = df =
∂f

∂x1
dx1 + ⋅ ⋅ ⋅+

∂f

∂xn
dxn.

This can also be thought of as giving a linear approximation to the function. For n = 2,
it can be thought of a giving the equation of the tangent plane in the same way that for
functions of one variable we described the equation of the tangent line at a point.

2.1 Economic Application: marginal rate of substitution

An application of the total differential to economics is to provide a formal interpretation
of terms like the Marginal Rate of Substitution (MRS) between two goods. The MRS can
be defined as the negative of the slope of an indifference curve at a point, which can be
intuitively described as the maximum amount of one good the consumer is willing to trade
for one unit of another good keeping utility constant.

Consider the utility function U(x1, x2) and its total differential, dU = ∂U
∂x1

dx1+
∂U
∂x2

dx2. If
we consider changes in the amounts of the two goods that keep utility constant, i.e. dU = 0,
then dx1 and dx2 should be such that 0 = ∂U

∂x1
dx1 +

∂U
∂x2

dx2. The fraction dx2

dx1
is the change

in good 2 per unit change in good 1 that keeps utility constant. This rate of change should
be negative if both goods are valued positively. The negative of this ratio is the MRS21 and
is given by

MRS21 ≡ −

dx2
dx1

=
∂U
∂x1

∂U
∂x2

.

This shows that the MRS21 is the ratio of the marginal utility of good 1 divided by the
marginal utility of good 2.

As a more specific example of the above, consider the particular Cobb-Douglas utility
function, U(x1, x2) = .5 lnx1 + .5 lnx2. The marginal utilities of each good are given by

MU1 = U1 = .5/x1 (1)

MU2 = U2 = .5/x2 (2)
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Therefore

MRS21 =
U1

U2

=
x2
x1

.

Note that this utility function’s MRS21 has a very special property. If we look for all
points (on different indifference curves) that have the same MRS we get x2

x1
= k, where k

is the common MRS. This implies that all points on the line x2 = kx1 have MRS21 = k.
Another way of describing this property is to say that every Income-Consumption Curve,
which is the set of consumer equilibria as income varies for given prices, for these preferences
is a line through the origin.

One can also apply the above to production functions. This implies the negative of the
slope of an isoquant (i.e. all input combinations that produce a given level of output) is equal
to a ratio of marginal products of factors. The negative of the slope of an isoquant is called
the Marginal Rate of Technical Substitution (MRTS).

3 Optimization of Functions of Many Variables

Optimizing a function of more than one variable is very similar to the one variable case.
The necessary first order condition for a maximum or minimum is ∂f

∂xi
= 0 for all variables

xi, i = 1, . . . , n. At an unconstrained optima, the function must look like it does in the
one variable case for every variable that could be changed. The idea of the second order
conditions are also similar, but more complicated to verify. At a maximum, the function
should be concave and at a minimum it should be convex. For a function of n variables,
conditions that guarantee this depend on the determinants of the principal minors of the
matrix of second order partial derivatives. We will not explicitly discuss these conditions
in this course. Instead, we will restrict attention to functions that have the appropriate
concavity or convexity properties for the optimization problem we are considering.

The above is for unconstrained optimization problems. However, in economics many, if
not most, common problems involve constraints on the variables being chosen. For example,
the typical consumer problem is to choose a consumption bundle that maximizes utility and
also is in the budget set. For two goods, this problem is often written as

max
x1,x2

U(x1, x2) subject to p1x1 + p2x2 = y,

where pi is the price of the ith good and y is the consumer’s income. Note that this description
assumes that the consumption bundle is on the budget line. This will be true if preferences
are monotone.

The standard technique for solving such optimization problems with equality constraints
is the method of Lagrange multipliers. This is done by introducing a new variable, �,
for each equality constraint and defining a Lagrangian function,

L(x1, x2, �) ≡ U(x1, x2)− �(p1x1 + p2x2 − y).

The first order conditions this problem are

∂L

∂x1
=

∂U

∂x1
− �p1 = 0 (3)

∂L

∂x2
=

∂U

∂x2
− �p2 = 0 (4)

plus the constraint: (p1x1 + p2x2 − y) = 0 (5)
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Also, notice that the first two first order conditions imply

∂U

∂x1
= �p1 = 0 (6)

∂U

∂x2
= �p2 = 0. (7)

Dividing the first of these by the second gives

MRS ≡

U1

U2

=
p1
p2

.

This says that the indifference curve is tangent to the budget line at the point that maximizes
utility.

In general, the first order conditions of a constrained optimization problem with one
constraint imply that the solution is a point satisfying the constraint at which a level curve
of the objective function (i.e. the function being maximized or minimized) is tangent to the
constraint.

As for unconstrained problems of one variable, there are second order conditions that
distinguish maxima from minima. These second order conditions will not be discussed. They
are similar to those for the unconstrained problem except that they do not require concavity or
convexity of the function being optimized, but only those properties in directions allowed by
the equality constraints. For the consumer problem, this means that U need not be concave;
rather, it is sufficient that the indifference curves exhibit the property of diminishing MRS
for the solution to the above first order conditions to actually describe a maximum.

Finally, there are techniques that allow one to incorporate inequality constraints into
optimization problems. Such techniques also allow one to describe corner solutions at which
the usual conditions such as MRS21 = p1

p2
do not hold. The first order conditions for such

problems are called the Kuhn-Tucker conditions; but, we will not discuss them in this course.
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